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Abstract. The derivations of a left coideal subalgebra 23 of a 
Hopf algebra A which are compatible with the comultiplica- 
tion of A (that is, the covariant first order differential calculi, 
as defined by Woronowicz, on a quantum homogeneous space) 
are related to certain right ideals of 23. The correspondence 
is one-to-one if A is faithfully flat as a right 23-module. This 
generalizes the result for 23 = A due to Woronowicz. A defini- 
tion for the dimension of a first order differential calculus at a 
classical point is given. For the quantum 2-sphere S 2 C of Podles 
under the assumptions q n+1 ^ 1 and c ^ —q 2n /(q 2n + l) 2 for 
all n = 0, 1, . . . , three 2-dimensional covariant first order dif- 
ferential calculi exist if c = 0, one exists if c = =Fg/(±q + l) 2 
and none else. This extends a result of Podles. 



1. PRELIMINARIES 

A derivation of an algebra 23 over C (the complex numbers) is defined 
as a C-linear map d from 23 into a 23-bimodule satisfying the Leibniz rule 

d(ab) = adb + dab for all a, b £ 23. 

In this paper, da 6 means (da) b. We set T(d) = Linc{ad6 | a, b £ 23} 
(the C-linear span) . We write d' < d, if d' and d are derivations of 23 and 
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the C-linear map r(d) — > r(d') : adb i— > od'6 is well-defined, and consider 
derivations d, d' of 23 identical, if d' < d and d < d'. The set of derivations 
of 23 with < is a complete lattice, this follows from jl6| Prop. 1.1. If 23 
is a *-algebra, then ad*b := d(b*)a* defines an involution on the set of 
derivations of 23. 

We denote by A a Hopf algebra over C with comultiplication A, co- 
unit e and antipode S, cf. [Q. We set ® = <8>c and 

O(i) ® 0(2) = A(a), 0(i) (g> • • • ® fl( n +i) = O(i) <g> • • ■ <E> a (n _i) (g) A(a (n) ) 

for n — 2, 3, ... (Sweedler's notation) and use the map + : A — > A defined 
by a + = a-e(a)l. We assume that 23 is a subalgebra of A and a left 
coideal, i.e. A(23) C A ® 23, and call a derivation d of 23 equivariant if and 
only if the C-linear map 

T(d) -> A ® T(d) :adf)M a(i) 6(i) ® a (2 ) d& (2 ), a, 6 £ 23, 

is well-defined. The notion of (equivariant) derivation is the same as that 
of (covariant) first order differential calculus introduced in [16), fLOf , 

The algebra 23 may be viewed as the function algebra of a quantum 
homogeneous space associated to the quantum group with the function 
algebra A. Accordingly, as proposed in jl6| and |l(J, the equivari- 
ant derivations may be considered constituents of flcxibilized (deformed) 
laws of nature with differential operations which are supposed to be still 
invariant under the quantum group action. 

In Section ^, a way is prepared for determining the equivariant deriva- 
tions e.g. for the quantizations of symmetric spaces in H, m . It is used in 
Section || in the case of the quantum 2-sphere of Podles ||] for classifying 
the 2-dimensional covariant first order differential calculi. Their existence 
is proved by construction in Section |]. 

2. ONE-TO-ONE CORRESPONDENCES 
Theorem 1. Let A be a Hopf algebra, 23 a left coideal subalgebra of A. 

(i) Let 31 be a right ideal of 23+. Let p : 23+ -> 23+/ 51 be the canonical 
projection. Then adb := ab^ ® p(b^) uniquely determines an equivar- 
iant derivation d^ := d of 23. Let : A — » j4/(23+A) be the canonical 
projection, A := ( — <g> id) o A. Then H 1 := A (A® H) is a right ideal of 
23+, C R, such that A(ft') Cl®X' and d K = d^ . 

(ii) Let d be a derivation of 23. Then Ji d := {J2i £ ( a i) I Si a i = 0} 
is a right ideal of 23+. If d is equivariant, then A(3^d) Q A® IRd- 
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(iii) The maps 3? i — > djj , d i~» ftd establish a one-to-one correspondence of 

• {ftd | d an equivariant derivation of 23} and 

• {da? | ft a right ideal of 23+ }, 

where < for the derivations corresponds to D for the right ideals. Fur- 
thermore, ftd^ C ft, if ft is a right ideal of 23+, and d^ d < d, if d is an 
equivariant derivation of 23. 

Proof, (i) The left module operation on T(d) = Linc{adfe a, b 6 23} 
is determined by c (a db) — (c a) db and the right module operation by 
(a db) c = ad(bc) — ab dc. This proves uniqueness. To prove existence, we 
must show that the right module operation is well-defined (a) and satisfies 
the right module axioms (b), furthermore that d is equivariant (c). Wcll- 
defincdncss and axioms of the left module operation, the bimodule axiom 
and the Leibniz rule clearly hold true. 

(a) If J^i a i = 0, that is, J2i a i b i(i) ®P(K(2)) = °> tncn 

a i dbi) c 
= J2i ( a i d (bi c) - a, bi dc) 

= Ei ( a i b i(i) c (i) ®P((h(2) c (2)) + ) - ai bi C(i) ®p(c^)) 

= ( a i h i(l) c (l) ® P(h(2) C(2) - £(h(2) C(2))) 

-at &i(i)C (1) ® p{e{b l{2) ) c (2) - e(b l{2) c (2) ))) 

= E* a *h(l) C(i) ®#J 2) c (2) ) 

= (E; aib i{1) ®p(bf {2) )) (c ( i) ®c (2) ) =0, 

since ft is a right ideal of 23. Hence, the specified right module operation 
is well-defined. 

(b) We calculate that 

((adb)c)d =(ad(bc))d-(abdc)d 

= ad(bcd) — abcdd — abd(cd) + abcdd = (a db) (c d) 
and, since dl — 1 ® p(l+) = 0, (adb) 1 = a d(b 1) — a 6dl = a d&. 

(c) The map adb i— » a(i) fr^ ® a( 2 ) dfr(2) is given by A £g) id. 

We still have to show the assertions about ft'. Since e("B + A) = {0} and 
A(23+A) C 23+A ®A + A® 23+A, the maps e x : A -> C : a £ ( a ) and 
Ayj- : .A — ► .A ® .A : a i— > am ® a( 2 ) are well-defined, and .A with A^- is a 
coalgebra. If a £ ft', then a = ^(a^y) a ( 2 ) e tnus ^' — ^- Because 
ft is a right ideal of 23, A(a6) G X ® ft for all 6 6 23+, so ft' is a right 
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ideal of 33+ . From am ® A(o( 2 )) = A^am) <8> a (2) G -A <g) A. (g> 3i follows 
a(iy (gi 0(2) G A ® A _1 (]4 <8> 31) = A <8> 3?', thus A(IR') C ^ ® 31'. Let 
Oj d6i = with d = djj, that is, ^\ Oj <8> b~t 2 -, € A ® 31. Then 

E* Oi&<(i) ® A(6+ 2) ) 

= E 4 K(i) & »(i) ® e ( a i(2)) &»(2) <8> b+(3) + a% ® bf( 2) O l) 

= E 4 & »(i) ® a»(2) &i(2) ® ^ 3 ) S A ® A ® 31. 

This implies that a-ih(i)®K(i) e A. ® A ~ 1 (A ® 3i) = A®31', therefore 
a^dbi = with d = dgj/. Hence, d^> < djj, while d^ < d^/ follows 
from ft' C ft. 

(ii) If E l a i Ab i = 0, then ^ a i dfej c = ( a i d(&* c) - a % b t Ac) = and 

J2i (e(aj) (6j c)+ - e(a l bi) c+) 

= Ei ( e ( a i) 6» c - e(aj) e(6j c) - e(a; 6») c + e(oj 6,) e(c)) 
= E 2 £(a») c G 3l d . 

Therefore, ft d is a right ideal of 33 + . If d is equivariant and J2i a i = 0, 
then /(Oj(i) 6j(i))Oi(2) d&«(2) = f° r an Y C-linear functional / on A. 
This implies that J2i f( a i^i(i))K(2) F rom tms an d 

A(E 4 £ K) K) = E 4 & »(i) ® & »(2) - e(a« &i) 1 (8> 1) 
= Ei ( a i &»(1) ® 6»(2) - o, 6, ® l) 
= E 4 a» 6i(i) <8) 6^) 
we conclude that A(ft d ) C A ® ft d . 

(iii) Directly from the definitions, we have 

(a) (3?' CS)^ (d K < dw) for right ideals ft, 3?' of 33+, and 

(b) (d' < d) (ft d C ft d ,) for derivations d, d' of 33. 
We show that, in addition, 

(c) ft dx C 3?, if 31 is a right ideal of 33+ , and 

(d) dft d < d, if d is an equivariant derivation of 33. 

(c) Let J2i a i = with d = d^, that is, J2i a i &i(i) ® P(&i(2)) = with 
the canonical projection p : 25+ — > 33 + /ft. Application of e eg) id leads to 
?»(E l e(0i) 6t) = 0, therefore £ 4 K S 31. 

(d) If ]TV a 4 dfej = 0, then ^ /(^(i) &i(i)) «i(2) <^h(2) = for any C-linear 
functional / on A, since d is equivariant. Thus ^ &i(i)) &i 2 ) S ft d 
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and J2i f( a i p{bf( 2 )) = 0, where p : 23+ — > 23 + /3id is the canonical 
projection. This implies that J2i a i^M = Hi a ih{i) ®p(&^ 2 )) = °- 

If d is an equivariant derivation of 23, then = 3?d by (c) and (d), 

(b). If 31 is a right ideal of 23 + , then daj d;R = dgj by (d) and (c), (a). This 
proves assertion (iii). □ 

In particular, the trivial derivation d^+ , the universal derivation d{o} 
and, if A is commutative, the commutative universal derivation d(s+)2 
occur in the one-to-one correspondence. The equivariant derivations of 
23 induced from those of A and e.g. the calculi in Q, Q also 

correspond to right ideals of 23 + in this way. For 23 = A, Woronowicz 
[p^t shows that all equivariant derivations have this property. We gener- 
alize this result using a theorem of Takeuchi p5[ which requires further 
notations. 

Let 6 be a coalgebra, W a right C-comodule and V a left C-comodule. 
The cotensor product W Dg V is defined as the subspace 

{Hi w i ® v i e W <8> V I J2i W i(l) ® w i(2) ® v i = Hi w * ® ® «i(2) } 

of W (g) V; the Swccdlcr notation is used for the C-comodule operations 
W -> W®6 and V 6(8)7. The category of the left 23-modules M with left 
.A-comodule structure such that (&m)n) (8 (6m) (2) = 6(1) mm <g> br 2 ) mn) 
for all m € M and 6 6 23, together with the 23-linear, .A-colinear maps, is 
denoted by jM. The category of the left ,/l-comodules, together with the 
.A-colinear maps, is denoted by ^M. Generally, if M is a left 23-module, 
— : M — > M/(23 + M) denotes the canonical projection. We have shown in 
the proof of Theorem [l] (i) that .A is a coalgebra. Correspondingly, M is 
an object of ^M, if M is an object of $M. Moreover, AU-^V with the 

induced structure of A is an object of 3M, if V is an object of ^M. That 
a right 23-module A is faithfully flat means that the functor M 1— > A ®cb JVt 
from the category of left 23-modules to the category of C-vector spaces 
preserves and reflects exact sequences. 

The following result, actually the equivalent one with the opposite mul- 
tiplication and comultiplication, is contained in proof of Theorem 1. 

Theorem (Takeuchi). Let A be a Hopf algebra and 23 a left coideal sub- 
algebra of A. If A is faithfully flat as a right 23-module, then the maps 

5 : M — > A U-^'M. : m t— * mm <X> mT^J and 

6 : AO=V -» V : £\ a, ® ^ i-> £ 2 e(ai) w 4 

are bijective for all objects M of and all objects V of A M. □ 
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Theorem 2. Let A be a Hopf algebra, 33 a left coideal subalgebra of A. 
If A is faithfully flat as a right 33-module, then 3? i— > dj;, d i— > 3^d as in 
Theorem [j] establish a one-to-one correspondence between 

• the right ideals 3? of 33+ with A (31) C A (g> 31 and 

• the equivariant derivations of 33. 

Proof. If d is an equivariant derivation of 33, then A(3?d) C .A ® 3id ac- 
cording to Theorem |l| (ii) , so it remains to show that 

(a) ds d = d, if d is an equivariant derivation of 33, and 

(b) ft ds = % if 31 is a right ideal of 33+ with A~(#) C X ® 3i. 

(a) Let d be an equivariant derivation of 33. Then T(d) is an object of ^M. 
According to Takeuchi's Theorem, the map 

5 : r(d) — > j4 D^-r(d) : ad& i— > am 6(i) ® a(2) dfo(2) = a&m <8> d£>( 2 ) 

is bijective. The kernel of t : 33+ — > T(d) : c dc is 5id- If X^j a « = ^> 
then d(^ e(ai) b + ) = J^i £ { a i) = a* dbi = 0, and if dc = 0, then 
Cij, dj, &j £ 33 exist such that dc — Ylij c tj a i ^bj = 0, therefore c + 6 3?d- 
The C-linear map (id<g)t -1 ) o 3 : F(d) — > r(d^ d ) : add ^ ad^i* is 
injective and surjective, thus d^ d = d. 

(b) Let 31 be a right ideal of 33+ with A(3?) C A <g) 31. Then 33+/3? is an 
object of X M. Furthermore F(d3?) C yi (33+/3T), which follows from 
ad^fr = a6(!) <8 £>(&£))) where p : 33+^ 33+/31 is the canonical projection, 

and d(i) ® 0( 2 ) 6(2) ® p(&(3)) — a ^(i) ® &(2) ® PW^))- According to 
Takeuchi's Theorem, the map 

elj^y : r(dgj) -» 3+/^ : ^6 = a& (1) ®p(&+ 2) ) « e(o) p(6+) 

is injective. The kernel of t : 33+ — > r(d;j>) : c 1— > d^c is 3^, see the proof 
of (a), thus ker(0 o t) = 3l<i s ■ Since Q o t = p, we obtain 3^ =31. □ 

In Section |d|, we give examples of equivariant derivations which do 
not arise from a right ideal as in Theorem [j] (i), so the statement of the 
theorem without the condition of faithful flatness is false. However, due 
to Miiller and Schneider Q this condition is verified for the quantizations 
of symmetric spaces by Noumi, Dijkhuizen and Sugitani p| and for 
the quantized flag manifolds Q . 
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3. CLASSIFICATION 

We call dim £i id := dimc(r(d)/(25 + r(d))) the left dimension and anal- 
ogously dim S)r d := dimc(r(d)/(r(d)25 + )) the right dimension of a first 
order differential calculus d over 25 at the classical point e. If 23 is the 
algebra of regular functions on a nonsingular afhne algebraic variety, then 
dim £j i d(s+)2 = dim er d(£+)2 is the dimension of it. If a basis of T(d) as 
a left 25-module exists, e.g. if 25 = A and d is left-covariant, cf. Jig] , then 
dim e j d is the number of its elements. 

We assume that ?eC \ {0} and q n ^ 1 for all n = 1, 2, .... For the 
quantum 2-sphere of Podles we may equivalently choose A to be one of the 
quantum group function algebras 0(SL g (2)), 0(SO g 2(3)) and 0(Sp g i/ 2 (2)) 
which are described in (lj]. The function algebras 0(S 2 C ) of the quantum 
2-sphere, parameterized by c € CP 1 , are the .A-comodule algebras (ex- 
cept for one) which are isomorphic as a comodule to the classical case 
and generated as an algebra by the spin 1 subcomodule, cf. ||. They are 
isomorphic to right coideal subalgebras 23 c of A, so the equivalents of our 
theorems with the opposite multiplication and comultiplication are appli- 
cable (we silently assume this exchange of left and right). The algebras 
25 c are generated by three elements e_i, eo, e\ with the relations 

(q 2 + 1) e_i ei + e 2 + (q- 2 + 1) e x e_i = pi, 

-g 2 e_ie + e e_i = Ae_i, 

(g 2 + l) e _ 1 e 1 -( (Z 2 -l) e 2-( (Z 2 + l) eie _ 1 = Aeo, P ' & ' 
-q 2 e ei + e\ e = Aei, 

such that c = e(e_i) s(e\) : e(eo) 2 and A(e,) = J2j e j ® @ (<Z i s A 4 ) 

is di ( ij). Special values of c are c(n) = —q 2n /(q 2n + l) 2 . 
We classify the equivariant derivations d of 23 c with dim £ir d = 2 which 
arise from a left ideal as in Theorem 0(i). If c ^ c(n)for all n = 0, 1, . . . , 
then .A is faithfully flat as a left 25 c -module, cf. @, @, §, and according 
to Theorem || our classification includes all equivariant derivations with 
dim 6r d = 2. We denote by , A and £d the equivalents of the previously 
used structures with left and right reversed. The map x '■ 2 C — ► T(d) : 
b h- > dfe induces a C-linear bijection between 25+/Xd and T(d), see the 
proof of Theorem 0, i.e. we must determine the left ideals £ of 25+ with 
dimc(25+/iL) = 2 and A(£) C L <S> A. The Hochschild coboundary maps 
of the quotient 25 c -bimodule T(d) are defined as 

6° : T(d) Hom c (25 c , T(d)) : uj >-> (b ^ buJ - tub) and 

S n : Hom c (25f\ F(d)) _» Hom c (25? ( ™ +1) , F(d)), 
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S n f(b • • • <g> b n ) = b f(b! <g> ■ ■ ■ <S> b n ) 

n 

+ E (-1)* f(Po ® ■ ■ ■ ® h ® • • • ® 6„) + /(6q ® • ■ • ® &„_i) &„ 

for n = 1, 2, .... Hence, x is a 1-cocycle: a\{b) — x(afr) + x(°0 & = for 
all a, b E 23 c . Let t : 23 c — > Homc(r(d), r(d)) be the representation of 
23 c on the quotient left 23 c -module T(d). Using coordinates, this says 

Xi( ab ) = Efe T ik(a)xk(b) +Xi(a)e(b), Xi(l) = 0, 

T v ( a 6 ) = E fc T »fe ( a ) Tkj (b) , (1 ) = 5»j 

for all a, b e 23 c and i, j = 1,2. Given a representation r, the 1-co- 
boundaries Xi — Efe /^fc r ifc ~ Pi £ with /3i, ,02 G C are solutions to these 
equations, and further solutions exist exactly if the first cohomology group 
(keri5 1 )/(im(5 ) is not {0}. The equations imply that the functions \i an d 
Tjj are uniquely determined by their values on e_i, eo, ei and exist for 
given values if they are compatible with the relations (*). The solutions in 
suitable coordinates are Xi = Efe & Uk-fii e+E« P'n £" witn e c > 

(a) r(e_ l5 e , er) = ( ^ ^ a -J, («* -<£n>), x(* 2 °), 
^( e _!, e , e 1 ) = (- a - 1 ), (g), ("o 1 ) ifx = g- 2 ai and 

^(e_i, eo, ei) = (" 1 ), (_(^+i) ai ), (8) if x = q 2 a lt 

(b) r(e_! , e , ei ) = Z" 1 a_i «i ( J ) , ( " ° Q ° ) , x ( J J ) , 
^(e_i, e , ei) = (o), ( Ql ) if x = ai and 
^(e-i,e , e 1 )-( a "), (-(« 2 + 1)ai )> ( o) if x = <? a ^ 

(c) r(e_ 1; e , ei ) = a_x «x ^ ), (<* ° Q ° ), (g °), 
^(e-i, eo, ei)= (Y)> (g), ( " Ql ) if x = ai and 
e(e-i,e , ei ) = ( Q °), (-(« 2 + 1)ai ) 5 (o) if^ = 9 2 «i, 
£ 2 (e_i, e , ei) = (^J, (g), if y = ai and 
^(e_ l5 e , ei ) = ( Q °), (_ (? ^ 1)ai ), (g) if 2/ = ? 2 «i, 

where x, y 6 C \ {0}, on = e(ej) and, if not specified otherwise, ^ = 0; 
in addition, if c = c(l), 

(d) r(e_i ) e ,ei)=a_iai(-- 1 8) ) ( Q °°), (gg), 
^(e_i, e , ei) = (V)> (o)> ( ~o 1 ) if x = a i and 
^(e-i,eo, ei) = ( Q o°), ( Ql )> ( 8) if * = <? «i> 

(e) r(e_ 1 ,e ,e 1 )=(gg),(gg),(8g) 
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and if c = c(2), 

(f) r(e_i, e , e x ) = J^ao (JJ^j, ^ao ( ^J, ^r+r a U 2 j 
and if c = 0, 

(a') r(e_ 1; e , ex) = x ( <T" ° ) , ( °° ^ (° «*), 

^(e_i, e , ei) = (J), (g), (g) if x = g 2 a_i and 

^(e-i, e , ei) = (g), ( _ (fl - a ° x) Q _ i ), (-*) if x = g- 2 a_i, 

(b') r(e_ 1)eo , ei) = (88). Ccfao)- (6 with si = 0, 

^(e-i, eo , ei) = (^J, (^ 2 Q +1 ^), (<° ), if a-i = and t = a u 

£ 2 (e_ 1; e , ei) = ( Q °), ), (g), if a_i - and i = <? 2 

(b»)r(e_i,e 0) ei) = (sl),('g' < S > ) ) (88), 

^(e_i, e , ei) = (?), (8), (g), if «i = and s = a_i, 

£ 2 (e_ 1; e , e x ) = (g), ( ) , ( Q °), if ai = and a = <r 2 c*-i, 
(c') r(e_i > eo,e 1 ) = (s2) 1 ( Q a ° ), (§2) with si = ^ = 0, 
e(e-i, e , ei) = (g), (-^ 2 + x) Q -) , ( Q °), if a = <T 2 «-i and t = a l5 
£ 2 (e_i, e , ex) = ( Q °), (-^ a ^), (g), if s = a_x and i = g 2 a 1; 
£ 3 (e_i, e , ei) = (g), ( _ (<r =+i) ), ( Q ° ), if u = <r 2 "-i and t> = a x , 
^ 4 (e_i, e , e x ) = ( Q ° ), (_ (g 3° 1)ai ), (g), if u = a_i andw = g 2 ai, 

where s, i, it, u G C. The solutions (b'), (c') contain (b), (c). 

The condition A(X) C £ ® .A implies that x(&(l))/ (&(2)) = for all 
b E £j and C-linear functionals / on A with /(.AB+) = {0}, therefore 
Xi/i X2/ S Linc{xi, X2}- Such a functional (taken from ||) is 

/ = a {I 2 -e)-a x I + a_ x / (_) Z 

with I = Z<+ } , ;(+) = & and = 4i° as specified for A = 0(SL,(2)) 
in |Q. The conditions xi/, X2/ S Linc{xi: X2}, checked by evaluation 
of Xi> X2, Xi/ an d X2/ on e i; e< e^ and ei e 3 e k for j, j, k = -I, 0, 1, and 
dime Linc{xij X2} — 2 reduce the total number of solutions to seven: 

1.+2. c = Tq/(±q + I) 2 , (a) with x = ±q^ a x and § = aoa °J_ ai) - 
3.+4. c = c(2), (f) with I e {^1, ^±ii^}. 
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5.-7. c = 0, a_i = = ai, 

(b") with s = and /3£ ^ = /3' 2 , 

(b') with s = t = and /3[ ^ = 

(c') with s = i = u = i! = and 0[ 0' 4 ^ /3' 2 0' 3 . 

5.-7. c = 0, a_i ^ = ai, 

(c') with s — q 2 a_i, it = g 4 a_i, < = w = and /3i ^ 7^ /?2, 

(a') with a: = g~ 2 a_i and = , i q ,\ — , lr = / 2°"^ — , 

(c') with s = q~ 2 a_i, u — q 2 a_i, t = u = and |f = ( g a"l) ao » #2 ^ 0. 

5.-7. c = 0, a_i = 0^ai, 

(a) with x = q 2 ch and lr = — 7 4 ^ — , lr = 7 — j^V; — , 

(c') with s = u = 0, t = q~ 2 ax, v — q~ A u\ and (3\ ^ ^ /?2, 

(c') with s = u = 0, t = q 2 ax, v = q~ 2 a Y and |f = ^-2^ ao , P2 ^ 0. 

We have carried out the calculations for all embeddings of 0(S 2 C ) in A. 
For each embedding, e determines a classical point of 0(S gc ), i.e. an 
algebra homomorphism 0(S 2 C ) — > C; if c 7^ c(l), this is a one-to-one 
correspondence. The equivariant derivations of ® c corresponding to the 
solutions 1-7 are given by Aba — x(^(i)) ® ^(2) a - They are independ- 
ent of the embedding and satisfy dim £-r d = 2 for each classical point e, 
in the case of the solutions 1, 2 and 5-7 also dim £j i d = 2; all this is 
proved in Section || The solutions for c = 0, not being coboundaries 
if a-x = = ax, do not correspond to derivations with an uj G T(d) 
for which da = wa — au> for all a G 23 c . If da = £\ de^, then 
X(a) = e ( a i) e 0- Since dim c x(Lm c {e-i, e , ei}) = 1 for the solu- 

tions 3, 5 and 6, but dime x(23 c ) = 2, these do not correspond to deriva- 
tions for which {de_i, deo, dei} generates T(d) as a right 23 c -module. 

4. CONSTRUCTIONS 

We retain the notations of Section ||. In the case of a quantum group, 
A is coquasitriangular, i.e. equipped with a C-linear map r : A <g> A — ► C 
which satisfies 

r(ffl ( i) <8> 6(1)) a (2) 6(2) = 6(1) a (1) r(a (2) ® & (2 )), 

r(a6 ® c) = r(a ® C(i)) r(6 ® C( 2 )), r(l ® c) = e(c), 

r(a (g) 6c) = r(a(i) <8 c) r(a( 2 ) ® 6), r(a ® 1) = e(a) 

for all a, 6, c G A We use a construction method introduced in 0]. 
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Lemma. Let A be a coquasitriangular Hopf algebra and 23 a right A-co- 
module algebra. Let b\, . . . , &/v S 23 be C-linearly independent elements, 
= J2j bj ® V'i an d v a comodule algebra endomorphism of 13. Let 
T be the 23-bimodule generated by the symbols 7 1 , ... , 7^ with the re- 
lations a7 J = £\ 7^(fl(i))r(^ 0(2))i o 6 2, j = 1, ...,JV. Then 
7 1 , ... , 7^ is a basis of T as a right 23-module, and da := ui a — au> with 
a; = 53 ■ 7 l 6j defines an equivariant derivation of 23. Moreover, if 1/ is 
bijective, then y l a — J2j y ~ 1 { a {i)) r (i ) ) ® S( a (2))) I 3 , and 7 1 , . . . , 7^ is 
a basis of T as a left 23-module, too. □ 

We set A — 0(SL g (2)) and denote by Uj, i, j = 1, 2, the canonical 

generators of A. Then r is defined by r(u\ ® uj) = q -1 / 2 R^, where R is 
the R-matrix of SL g (2) specified in 112] . 

If c = — g/ (q + l) 2 and x^ e Linc{?4 j i = 1, 2, with 

— — r — ana e\x\) — — — , 

e(x 2 ) q a q{q-l) a 

then the subalgebra 23 of A generated by x\, x-i is generated by x\, x 2 
with the relation x\ X2 — qx 2 X\ = 1, and it contains 23 c as the subalgebra 
of the elements of even degree (x\, x 2 being of degree 1), cf. ||. The 
lemma with N = 2, b t = x^ and v = id yields an equivariant derivation d 
of 23, and d|s c is an equivariant derivation of 23 c , which is by construction 
independent of the embedding of 23 c in A. We obtain 

dab = T,i l l ( x i a ~ Uj a (i) x 3 r ( u i ® a (2))) b 
for all a, b £ 23. In particular, o> = 7 1 xi 4- 7 2 £2, 

de_i =(g-l)(-we_i + ^ 2 Q 7 1 a;2), 

de = (q - 1) (-w e - q -2 a (7 1 x x - q 2 7 2 x 2 )), 

dei = (q - 1) (— wei + a 7 2 a;i) 

and <j = ( g _]_) (gt^)^ (de_i ei + (q 2 + de e + q~ 2 de x e_i), thus 
7^Xj S r(d| s J for all i, j = 1, 2. We set 7 m = y i (-q)- 5 ™ 1 a;3_ n and 
calculate that 

da 6 = J^in l m x n (%i a - J2j a (i) x j r ( u i ® a (2))) b 



for all a, 6 e 23, thus da 6 = J2in l in e i x n) Xi{a) e{b) for all a, b E 23 c , 
where - : r(d|s c ) — > r(d|2 c )/(r(d|s c )23+) is the canonical projection and 
Xi(a) = e(x j) e(a) - r(a; a ® a). Since dim c Lin c {xi|s c , X2| s c } = 2 and 
dimcLin c -{X„ 7 m e( a; n) | * = 1, 2} = 2, this implies dim c r(d| 3c ) = 2, 
that is, dim Ejr (d|3 c ) = 2. Our proof also shows that {de_i, deo, dei} 
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generates r(d|s e ) as a right 23 c -module. A similar argument starting 
with 

ad& = Ey fc ; a (x t b {1) r(u^ ® S{b (2) )) - bx t 8 lk ) r{u{ ® 7 l 
= Ey* « (Ei *J V) »"(5(uJ) <8> 6 (2) ) - &*,■) r(«J ® 7 l 

shows dim £ j(d| Sc ) = 2. For the definition of 0(S 2 C ) as a right 0(SO ?2 (3))- 
comodule algebra only the square of q is needed, therefore we can replace 
q by — q and obtain the corresponding result for c = q/(—q + l) 2 . This 
establishes the claims about the solutions 1 and 2 in Section ||. 
If c = c(2) and a;,, j/j G Linc{w|, it 2 }, i = 1, 2, with either 



V I s(x 2 ) q 4 a s(y 2 ) q a 

(ii) gfel = (g 4 +l)a! d gfai) = (g 4 +l)"i , 

V ' £U5 ] an eivo ) 0° an 1 



then yi Xj G 23 c for all i, j = 1, 2, and Xi 2/2 — g^2 2/1 = C 1 with £ G C\{0}. 
Moreover, Y. m u ln T 3m{ek) = Emn T mi(e n ) uf n% for the solution (f) in 
Section |[ We consider the 23 c -.A-bimodule with the right .A-module basis 
7 , 7 2 and the left 13 c -module operation — 17,- (a) 7*. Then da := 
ua — aoj with cj = 7* a;^ defines an equivariant derivation of 23 c : 

da b = Y,i l l (%i a - J2j T n ( a ) x i) b 
for all a, b G 23 c . In particular, o> = 7 1 xi + 7 2 X2, 



de_i 


= us e_ 


9 2 -l 1 

1 - |t+t «o7 ^2, 


de 


= cje 


+ ^TT"o (7^1 - 9 2 7 2 ^2), 


dei 


= ei 





In addition, w = T^jfrT^r^r^ ( de -l ei + (g 2 + l) _1 de e + g~ 2 dei e_i) 
in the case (ii), in which we see that {de_i, deo, dei} generates T(d) as 
a right 25 c -module. Using 7 m = 7* (— q) Snl X3- n , we can proceed 
like before to show dim £ , r d = 2. In the case (i), since the left action 
of Linc{l, e_i, eo, ei} on Linc{7 1 , 7 2 } consists of all C-linear endomor- 
phisms, {dej, e^ de^ | i, j = —1, 0, 1} generates F(d) as a right 'B c -mod- 
ule. Exploiting e.g. the relations 

q 2 e_i de = (e Q - q 2 ^± ce ) de_i, q~ 2 e a de = (e + |rq^ a ) de x , 

de_i (g 2 e - ^-pj a ) = de e_i, de x (e + |t^t «o) = g 2 de ei, 
(q 2 + 1) de_i ei + de e + (g~ 2 + 1) dei e_i = 
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we get dim £r d < 2, while dim er d > 2 follows from Theorem [l] (iii). 
However, one checks that in both cases dim e .id = 0. We identify the 
cases (i) and (ii) with the solutions 3 and 4 in Section 0. 

We take the basis e_2, • • ■ , e-i in @ of the spin 2 subcomodule of 
25 c for b\, . . . , few and set v = id in the above lemma. This yields the 
equivariant derivation d of 23 c which is given by dba — x(^(i)) ® ^(2) a 
with Xi(b) = r{ei ®b) - e(e,) e(b) for all a, b £ S c , i = —2, ... ,2. If 
c = 0, then it corresponds to each case of the solution 5 in Section 0. To 
compute this, we write \i m terms of 1(a) — r(u\ ® a), l^ 1 {d) = ?"( u 2 ® a ) 
and i*-~)(a) = —qr(u 2 a), while r(i4 ® a) = 0, and use the relations 
ii -1 = s = Z, iZ( — ) = ql^- H and (/<?)|'B C = 0, where / is defined in 
Section |^ and g is any C-linear functional on A. Hence, we can restrict 
ourselves to a_i = = ol\ to calculate 

d(e 3 _j) - q- 6 (g 4 + q 2 + l) (q 2 de_ 2 e_j - de_r e_ 2 ). 

Since d is equivariant, this implies that for each a in the spin 3 subcomod- 
ule of 23 c , da, and thus T(d), is contained in the right CB c -module generated 
by {de_i, deo, dei, de_2, ■ ■ • , de2}. Exploiting e.g. the relations 

(g 2 + 1) de_i ei + de e + (q~ 2 + 1) dei e_i = 0, 
de_i (q 2 e + a ) = de e_i, 
(g 4 + l)de_ 2 (q 2 e + a ) - de_i e_i = g 4 (g 2 + 1) a de_i e_i, 

C*0 de -l = dS - 2 61 + ^ (g^+l) dS -! e ° ~ ^ + dS e_l, 

a 2 , de = de_i ei + ^5]- de e + g~ 4 dei e_i, 
a 2 dei = - g 4 + ^ + i de e x + -^jj de x e + 3 -^- de 2 e_i 

we get dim £ir d < 2, while dim £jr d > 2 follows from Theorem |l| (iii). 
Similarly, the derivation associated to the solution 6, say, d', arises if 
r' with r'(a ® b) = r(S(b) <g) a), a, b € A, is used instead of r. With 
regard to the left ® c -module structure of T the derivation d is given by 
adb = x'(b(i))<8)a&( 2 ) with = r(S'(e l )®6)-e(e i ) e(b) for all a, 6 € CB C , 
i = -2, . . . , 2, thus d*6a = x'(&(i)) ® ( & (2) a)*. One checks that d' = d*, 
if e* = e_;, and therefore dim e jd = dim S)I d* = 2. Finally, the 2-dimen- 
sional covariant differential calculus described in [jll| corresponds to the 
solution 7. It is equal to d^+^j if ce-i = = cci. 

The classification problem in Section || with dim e i d = 2 instead of 
dim £r d = 2 is equivalent, because the Hopf algebra 0(SL g (2)) with the 
opposite multiplication is isomorphic to 0(SL g -i(2)) and correspondingly 
the right comodule algebra 0(S 2 ) with the opposite multiplication to 



14 



0(S g -i c ). It is still open for c = c(0), c(l), ... and for p = A = 0. 
Since in the one-to-one correspondence in Theorem [l| (iii) only the trivial 
derivation d = d^+ satisfies dim E) i d = 0, the equivalents with the opposite 
comultiplication of the equivariant derivations for c = c(2) constructed 
above do not occur, i.e. they do not arise from right ideals. 
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